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Abstract 

Spaces of homogeneous spherical monogenics in dimension 3 can be 
considered naturally as sl(2, C)-modules. As finite-dimensional irreducible 
sl(2, C)-modules, they have canonical bases which are, by construction, 
orthogonal. In this note, we show that these orthogonal bases form the 
Appell system and coincide with those constructed recently by S. Bock and 
K. Giirlebeck in [3]. Moreover, we obtain simple expressions of elements 
of these bases in terms of the Legendre polynomials. 
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1 Introduction 

The main aim of this paper is to present an easy way to construct explicitly 
orthogonal bases for spaces of homogeneous spherical monogenics in dimension 
3. Such bases were recently obtained by I. Cacao in [5] and by S. Bock and K. 
Giirlebeck in [5] . In [5] , orthogonal bases are constructed from systems of spher- 
ical monogenics which are obtained by applying the adjoint Cauchy-Riemann 
operator to elements of the standard bases of spherical harmonics. In [3J, this 
idea is used for producing another orthogonal bases of spherical monogenics 
forming, in addition, the Appell system. In [4], it is observed that these bases 
forming the Appell system can be seen as the so-called Gelfand-Tsetlin bases. 
Moreover, in [3], it is shown that the Gelfand-Tsetlin bases could be obtained 
in quite a different way using the Cauchy-Kovalevskaya method and a char- 
acterization of the bases is given there. In [TH Theorem 2.2.3, p. 315], the 
Cauchy-Kovalevskaya method was already explained. But this method is not 
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used in [T3] for a construction of orthogonal bases of spherical monogenics al- 
though the construction is obvious not only in dimension 3 but in an arbitrary 
dimension as well. Actually, in [HJ pp. 254-264] and [131 HI], another construc- 
tions even in all dimensions are given. By the way, the Cauchy-Kovalevskaya 
method is applicable in other settings, see 0[7] and [T3]. Finally, let us remark 
that Appell systems of monogenic polynomials were discussed before by H. R. 
Malonek et al. in [101 EJ HS1 E] . Similar questions were also studied for the 
Riesz system, see Q3 QS H3 E2 US • 

For an account of Clifford analysis, we refer to P3]. Now we introduce some 
notations. Let (ei, . . . , e m ) be the standard basis of the Euclidean space R m 
and let C m be the complex Clifford algebra generated by the vectors e±, . . . , e m 
such that e| = —1 for j = l,...,m. Recall that the Spin group Spin(m) is 
defined as the set of products of an even number of unit vectors of R m endowed 
with the Clifford multiplication. The Lie algebra so(m) of the group Spin(m) 
can be realized as the space of bivectors of Clifford algebra C m , that is, 

so (to) = ({etj : 1 < i < j < m}}. 

Here e,-j = e,ej and (M) stands for the span of a set M. 

Denote by %fc(R 3 ) the space of complex valued harmonic polynomials P in 
R 3 which are fc-homogeneous. Then the space 'Hfc(R 3 ) of spherical harmonics is 
an irreducible module under the /i-action, defined by 

[h(s)(P)](x) = P(s~~ 1 xs), s G Spin(m) and x = (xx, x 2 , x 3 ) G M 3 . 

Moreover, let S be a basic spinor representation of the group Spin(3). Then 
denote by A4fc(K 3 ,S') the set of S- valued fc-homogeneous polynomials P in R 3 
which satisfy the equation dP = where the Dirac operator d is given by 

„ d d d 

o = e 1 - h e 2 -^ h e 3 - — . 

axi 0x2 0x3 

It is well-known that the space A4k{^ 3 ,S) of spherical monogenics is an irre- 
ducible module under the i-action, defined by 

[L(s)(P)](x) ^ s P(s~ 1 xs), s G Spin(m) and x = (xx, x 2 , x 3 ) G M. 3 . 

Both spaces 'Hfc(]R 3 ) and A / (fc(R 3 ,S') can be seen naturally as irreducible 
finite-dimensional sl(2, C)-modules. As finite-dimensional irreducible sl(2, C)- 
modules, they have canonical bases which are, by construction, orthogonal. 

In this paper, we study properties of canonical bases of spaces Mk(R 3 ,S). 
In Theorem [TJ we describe their close relation to canonical bases of spherical 
harmonics, we show that they form the Appell system and we give recurrence 
formulas for their elements. By the way, in [TJI2] analogous recurrence formulas 
generate easily elements of the orthogonal bases described in [5j. Moreover, we 
express elements of the canonical bases in terms of classical special functions 
(see Theorem [2J . As in [4] , we can adapt these results easily to quaternion 
valued spherical monogenics. It turns out that these bases coincide with those 
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constructed recently by S. Bock and K. Giirlebeck in [3J. In Theorem [3J we 
obtain simple expressions of elements of these bases in terms of the Legendre 
polynomials. Let us remark that in [2TJ [55] homogeneous solutions of the Riesz 
system in dimension 3 forming orthogonal bases are expressed as finite sums of 
products of the Legendre and Chebyshev polynomials. 

2 Spherical harmonics in dimension 3 

In this section, we recall the construction of canonical bases for finite-dimensional 
irreducible s[(2, C)-modules and, as an example, we describe well-known bases 
of spherical harmonics in dimension 3 by means of classical special functions. 
Obviously, the action of 50 (3) on the space 'Hfc(K 3 ) is given by 



hij = dh(eij/2) = Xj- Xi—— (i^j). 

OX; OX 4 



d d_ 

Moreover, it is easily seen that 

[^12! ^23] = hai, [^23, hai] = hu and [h 3 i, h 12 ] = h 2Z 

where [L, K] = LK — KL. We can naturally identify the Lie algebra sl(2,C) 
with the complexification of so (3). Indeed, the operators 

H = — ihi2, X + = h 3 i+ih 2 3 and X~ — -/i 31 + ih 2i 

satisfy the standard sl(2, C)-relations: 

[X+,X~]=2H and [H 1 X ± ] = ±X ± . 

Putting z — x\ + ix 2 and ~z = X\ — ix 2 , we have that 

d d d d 

X+ = -2x 3 — + z— and X~ = 2x 3 — - z — . (1) 

oz OXz Oz OX3 

Furthermore, it is well-known that, as an sl(2, C)-module, "Hfc(R 3 ) is irreducible 
and has the highest weight k. In each finite-dimensional irreducible si(2, C)- 
module there exists always a canonical basis consisting of weight vectors, see 
p. 116]. 

Proposition 1. Let Vi be an irreducible sl(2, C)-module with the highest weight 
I. Then 

(i) There is a primitive element /q ofVi, that is, there is a non-zero element fo 
of Vi such that 

Hf = lfo and X+f o = 0. 

(ii) A basis of Vi is formed by the elements 

fj = (x-yf , j = o,...,2i. 
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In addition, for each j — 0, . . . , 21, the element fj is a weight vector with the 
weight I — j, that is, fj is a non-zero element of Vi such that 

11.1) Q .HI- 

Moreover, X~ fii = and each weight vector fj is uniquely determined up to 
a non-zero multiple. 

(Hi) The basis {/g, . . . , f2i} is orthogonal with respect to any inner product (•, •) 
on Vi which is invariant, that is, for each L £ st(2,C) and each f,g £ Vi, we 
have that 

(Lf,Lg) = (f,g). 

By Proposition [TJ to construct the canonical basis of the module "^(R 3 ) it 
is sufficient to find its primitive. 

Proposition 2. The irreducible sl(2,C) -module "H/c(R 3 ) has a basis consisting 
of the polynomials 

f ° = w¥* k and # = ( Js n^o> o<j<2fc. 

In addition, for each j — 0, . . . , 2k, the polynomial fj is a weight vector with 
the weight k — j, that is, H /• = (k — j)f k - 

Proof. It is easy to see that /g is a primitive of Hfe(M 3 ). □ 

Following [§J, we identify the functions /* with classical special functions. 
To do this we use spherical co-ordinates 

x\ = r sin 9 sin (p, x-i = rsmOcosip, X3=rcos# (2) 

with < r, — n < tp < n and < 9 < ir. Let us remark that, in spherical 
co-ordinates ©, the operators H, X + and X~ have the form 

H = -ih 

X+ = e i <p{i§- e - C ote^), (3 ) 



X- = e- i( f i§r. 



In [8l pp. 120-121] (with the variables x\ and X2 interchanged), the next result 
is shown. 

Proposition 3. Let {/q , . . . , f^} be the basis ofHki^ 3 ) defined in Proposition 
Using spherical co-ordinates we have then that, for each j = 0, . . . , 2k, 

/j=(r, 6, tp) = i k ^r k e^ k -^P J k - k (cose) where 

*«)^(i-» 3 r^(»"-D'-. S € K . 

Here P® is the k-th Legendre polynomial and P l k are its associated Legendre 
functions. 
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3 Spherical monogenics in dimension 3 



In this section, we study properties of canonical bases of st(2, C)-modules of 
spherical monogenics and, in particular, we express elements of these bases by 
means of classical special functions. We begin with spinor valued spherical 
monogenics. 

Spinor valued polynomials In what follows, S stands for a (unique up to 
equivalence) basic spinor representation of Spin(3) and so(3) = (e±2, €23, eai). 
As an so(2)-module, the module S is reducible and decomposes into two in- 
equivalent irreducible submodulcs 

S ± = {u G S : —ie\2 u = ±u} 

provided that so(2) = (e^). Moreover, the spaces are both one-dimensional. 
Let — (v ). Then each s £ S is of the form s = s + v + + s~v~ for some 
complex numbers s . We write s = (s + , s - ). 

Furthermore, the action of so(3) on the space .Mj^R 3 , S) is given by 

Lij = dL(eij/2) = -y- + hij with h %] = x j~Q^ ~ Xl ~g^~ 

It is easily seen that 

[L12, L23] — L31, [L23, L31] = L\i and [£31, £12] = £23 ■ 
Moreover, the operators 

H = —iL\2. X + = L31 + 1L23 and X~ = — Z31 + 1L23 
generate the Lie algebra st(2, C). Indeed, we have that 

[X + ,X-] = 2H and [H, A >± ] = ±X ± . 
Put again z — x\ + 1x2 and ~z = x\ — ix%. Then it is easy to see that 

X ± =X ± +uj ± where w + = i(e 3 i + ie 23 ), w _ = i(-e 3 i + ^23) 

and X^ are defined as in (JTJ. Furthermore, as an st(2, C)-module, M. k (R 3 , S) is 
irreducible and has the highest weight k + ^. We can construct again a canonical 
basis of this module using Proposition [TJ 

Proposition 4. The irreducible sl(2, C)-module A1fe(M 3 , S) has a basis consist- 
ing of the polynomials 

Fak= kT¥ jkv+ and F J=(*~) iF o> 0<j<2fc + l. 

In addition, for each j = 0, . . . , 2k + 1, the polynomial is a weight vector 
with the weight k+\— j, that is, HF^ = (k + | — j)FK 
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Proof. Obviously, the polynomial Fg is a primitive of A4fc(M 3 , S). □ 

By Proposition [TJ the basis of A4k(^. 3 ,S) constructed in Proposition S] is 
orthogonal with respect to any invariant inner product on A4fc(R 3 , 5*). As is well- 
known, the Fischer inner product and the standard L 2 -inner product on the unit 
ball of M 3 are examples of invariant inner products on Mk(^ 3 , S), see [HI pp. 
206 and 209] . In the next theorem, we show further properties of the constructed 
bases. Statement (a) of Theorem [1] shows the close relation of the canonical 
bases of spherical harmonics to those of spherical monogenics. Moreover, by 
statement (b), the polynomials F!f form the so-called Appell system, that is, 
they satisfy the property ^ below. Finally, statement (c) of Theorem[T]contains 
the recurrence formula for elements F!f of the constructed bases. 

Theorem 1. (a) We have that 

(x-y = (x-y +j(x-y- 1 Lo-, j g n. 

In particular, for j = 0, . . . , 2k + 1, we get that Fj = fj V + + jfj_ 1 uj~v + . Here 
f-l = fik+i = an d {/q j ■ • • i /Jfe} * s ^ e basis o/% fc (M 3 ) as in Proposition^ 
(b) Moreover, it holds that 



In particular, for each k G N, 



dFl_\ jFj-i\ J = l,...,2fc; 
dx 3 \ 0, j = 0, 2k + 1. 



(4) 



(c) Finally, we have that 

[x 3 ,(x-y}= J (x-y- 1 z, jeN. 

In particular, for each k G No and j = 0, 1, . . . , 2k + 1, 

F*+l = x 3 F* - jzFf_ x + u~Ff +1 where F^ = 0. 
Proof. The statements (a) and (b) follow, by induction, from the following facts: 

(cO 2 = 0, [X-,u-]=Q, [^*~]= 2 ^ and [^X-]=0. 

We show statement (c). We have that [x 3 ,X~] — z and [z, X~] = and hence, 
by induction, we get easily 

[x 3 ,(x-y]=j(x-y- 1 z. 

In particular, for j = 1, . . . , 2k, we have that 

x 3 F*-(X-Y(x 3 F*)=jzF*_ v 
which finishes the proof together with the obvious relation 

F* +1 = x 3 Fq + lu~Fq +1 . □ 
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Remark 1. (a) We can realize the space S in the Clifford algebra C4. Indeed, 
we can put 

v + = ^(1 - ieia)(l - «e 34 ) and v~ — i(ei + ie 2 )(e 3 + ^4). 

We denote this realization of the space S by S^. In particular, we have that 
u~v + = v~ and u~v~ = 0. 

(b) There is another realization S± of the space S inside C4 if we put 

v + = i(l - iei 2 )(e 3 + ie 4 ) and v~ = ~(ei + ie 2 )(l - ^34). 

In this case, we have that = — u~ and lj~v~ = 0. Let us remark that 

although, as so(3)-modules, S 4 and S 4 are of course equivalent to each other 
they are different as so(4)-modules. See [TH pp. 114-118] for details. 

(c) Let {F fc,± , . . . , F^+J be the basis of M k (M. 3 , Sf) defined in Proposition!! 
By statement (a) of Theorem[IJ it is easy to see that, for j = 0, . . . , 2k + 1, wc 
get 

= (/*, ±j$_ x ). 

Here {/q , . . . , /| fe } is the basis of %fc(R 3 ) defined in Proposition [2j 

Using the observation (c) of Remark [1] and Proposition [3l we can easily 
express the functions F k ' in terms of classical special functions. 

Theorem 2. Let {F^, . . . , i^fe+i) &e ^ e &as * s o/X fc (R 3 ,5^) defined in 
Proposition^ Using spherical co-ordinates (Hp, we then have that 

F^ ± (r,0,<p)=i k -ir k e^ k -^ (Pjf *= (cos 0) , ±ije iv i^~ fc_1 (cos 5)) 

/or eac/i j = 0, . . . , 2fc + 1. Fere = = F- fe " fe_1 . 

Now we are going to deal with quaternion valued spherical monogenics. 

Quaternion valued polynomials In what follows, H stands for the skew 
field of real quaternions q with the imaginary units ii, ii and is, that is, 

i\ = i\ = ig = = -1 and 9 = g + qih + <72«2 + 93*3, (qo, Qi, 92, 93) G R 4 - 

For a quaternion q, put q = qo — q\i\—q-zi?. — 93^3 . We realize H as the subalgebra 
of complex 2x2 matrices of the form 



92 + «9i 9o - «93 



In particular, we have that 



ii=(? J), ^2=( ( 1 , Q 1 ) and z 3 = ( J 
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Furthermore, we identify so(3) with 12,23) as follows: ei2 — 13, e 2 3 — i\ 
and e3i ~ i 2 - Then we can realize the basic spinor representation S of so (3) as 
the space C 2 of column vectors 

'qo + % 
q 2 + iqi 

Here the action of so (3) on S is given by the matrix multiplication from the left. 

Now we are interested in quaternion valued polynomials g — g(y) in the 
variable y = (yo: 2/1^2/2) of K 3 . Let us denote by A4fc(R 3 ,H) the space of Un- 
valued /c-homogeneous polynomials g satisfying the Cauchy-Riemann equation 
Dg = with 

„ d . d . a 

D = a h Zl o h *2-^— ■ 

dy dj/i dy 2 

It is easy to see that both columns of an element g £ _A/!fc(M 3 , H) belong to 
the space A^fe(K. 3 , 5) of S- valued solutions h of the equation Dh — which are 
k- homogeneous. 

Moreover, we can consider naturally A4fc(R 3 ,H) as a right H-linear Hilbert 
space with the H-valued inner product 



(Q,R)m= [ QRdV 
Jb 3 



where -B3 is the unit ball and dV is the Lebesgue measure in R 3 . In [3 , orthog- 
onal bases of spaces .Mfc(lR 3 , H) forming, in addition, the Appell system are 
constructed. In [J], the following characterization of these bases is given. 

Proposition 5. For each k G No, there exists an orthogonal basis 

{g)\ j = 0,...,k} (6) 

of the right W-linear Hilbert space X fe (M 3 ,H) such that: 

(i) Let j = 0, . . . , k and let h/j and h^+x-j ^ e ^ e fi rs ^ an ^ ^ e secon d column 
of the (matrix valued) polynomial g k , respectively. Then we have that 

Hh) = (k+-- j)h k and Hh k 2k+1 _ } = -(k + - - j)/4+i-j with 



(ii) We have that 



H = -t[— + y 2 ^ yi^— )• 

2 oyi dy 2 



3=0- 




(Hi) For each k £ No, we have that g$ = (yi — izy 2 ) k ■ 
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Moreover, the polynomials g k are determined uniquely by the conditions (i), (ii) 
and (Hi). Finally, for each k £ No, the S-valued polynomials 

h k h k h k 

form the canonical basis of the sl(2,C) -module Mk(^ 3 , S). 

In [3J and [1], quite explicit formulas for the polynomials g k are given in 
the cartesian coordinates 2/0,2/1,2/2- We now construct these polynomials in yet 
another way using Theorem [5J Indeed, in Theorem [3J below, we express the 
polynomials g k in spherical co-ordinates 

2/0 = r cos 6, 2/1 = r sin (9 cost/?, 2/2 = r sin 9 sin ip (7) 

with < r, — 7r < if < n and < < tt. 

Theorem 3. Let the set {g k \ j — 0, . . . , fc} be the basis of .Mfc(R 3 , H) as in 
Proposition\5\ Using spherical co-ordinates we have then that 

9j (r, 0, if) = (k\/j\)(-2) k ^r k (g k + g k A » x + g k 2 i 2 + g k 3 i 3 ) where 

9I0 = Pr k ( cosS ) cos (i - ali = -jPr^i™^) cos(j - fc - i)<p, 

9j,2 = 3 P k~ k ~ X ( cos6 ) sin 0' _ fc _ l )V-> 9j, 3 = Pr k ( cosd ) sin 0' - 

Here P° zs the k-th Legendre polynomial and Pi are its associated Legendre 
functions (see Proposition^ for the formulas of Pi). 

Proof, (a) Let k 6 No and j = 0, . . . , fc. It is easy to see that the .S-valued 
polynomial 

hj(yo, 2/1, J/2) = Ff~ (-2/2,J/i, 2/o ) 
solves the equation D/i* = 0. Here -Fj '" are as in Remark [1] (c). 

(b) We can find non-zero complex numbers c k G C such that the polynomials 
h k = c k h k satisfy, in addition, that h^ — ((2/1 — 12/2)^,0) and 

df£ _ ( kh)zl j = l,...,k; 
9 Vo \ 0, j = 0. 

Indeed, by Theorem[TJ it is sufficient to put c k = (2i) J kl/ jl. 

(c) Using spherical co-ordinates (O, we obviously have that 

h k {r,6,<p)=c k F*'-{r,6,- V ) 

where F^'~ are as in Theorem[5J In particular, putting d k — (fc!/j!)(— 2) fe ~ : ', 
we have that h k = (h k fi , h^) with 

h^o = d k r k e l ^- k)v Pr k {cos9) and h k A = d k r k (~i)je l{l - k - 1)ip Pf^ 1 {cos9). 
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(d) Finally, wc define an H-valued polynomial g*- corresponding to the S'-valued 
polynomial hj = (hj fi ,hj tl ) by 

g) = Re hj >0 + h Im + i 2 Re h k }1 + i 3 Im h k jfi . 

Here, for a complex number z, we write Rez for its real part and Imz for its 
imaginary part. Obviously, the polynomials g*- satisfy the conditions (i), (ii) 
and (hi) of Proposition [5j which easily completes the proof. □ 
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